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Abstract
Fibrators are manifolds which, in context, automatically induce approximate fibrations. This paper
sets forth a new method for constructing nonfibrators, by establishing that a closed connected
manifold N fails to be a codimension k + 1 fibrator provided there exists a homeomorphism h of
N ×Sk onto itself such that proj ·h :N ×{point}→N is not a homotopy equivalence. Consequently,
real projective n-space fails to be a codimension n+ 1 fibrator, and certain manifolds covered by S3
fail to be codimension 4 fibrators. Ó 1999 Published by Elsevier Science B.V. All rights reserved.
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Loosely put, fibrators are manifolds which, in context, automatically induce approximate
fibrations. The appropriate context involves a surjective, proper map p :M→ B defined on
an (n+ k)-manifoldM , with possible mild restriction on B , where all the point preimages
have the shape (i.e., the approximate homotopy type) of a fixed closed, connected n-
manifoldN . The manifoldN is a fibrator (respectively, codimension k fibrator) if all such
maps p are approximate fibrations (respectively, for this choice of k). To appreciate these
gadgets, it helps to regard approximate fibrations as useful; see [1] for evidence.
Surprisingly few nonfibrators are known. Although the most obvious manifold to
consider, the 1-sphere, fails to be a fibrator in codimension 1, by partitioning the Mobius
band into circles, and, perhaps more standardly, in codimension 2 due to the singularities
typically present in Seifert fibrations, higher-dimensional examples are not easy to find.
No manifold N for which there exists a regular covering map N → N whose group of
covering transformations in cyclic can be a codimension 2 fibrator [3, Theorem 4.2]. Also,
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no manifold admitting a homology m-sphere as Cartesian factor can be a codimension
m + 1 fibrator (cf. [5, p. 190]). Aside from these two classes, examples are scarce and
sporadic (see [4, §6] for another type).
Here we provide a new nonfibrator construction process. The key is that a closed con-
nected manifoldN fails to be a codimension k+1 fibrator if there exists a homeomorphism
h of N ×Sk onto itself such that proj ·h :N×{point}→N is not a homotopy equivalence.
By way of application, real projective n-space fails to be a codimension n+ 1 fibrator, and
certain manifolds covered by S3 fail to be codimension 4 fibrators.
Thanks are due to the anonymous referee for correcting what would have been a
painfully embarrassing error.
1. Definitions
A manifold is understood to be connected, metric and boundaryless. When boundary is
allowed, the object will be called a manifold with boundary.
A proper map p :M → B between locally compact ANRs is called an approximate
fibration if it has the following approximate homotopy lifting property: given an open
coverΩ of B , an arbitrary spaceX, and two maps f :X→M and F :X×I→ B such that
pf = F0, there exists a map F ′ :X× I →M such that F ′0 = f and pF ′ is Ω-close to F .
The latter means: to each z ∈X× I there corresponds Uz ∈Ω with {F(z),pF ′(z)} ⊂Uz.
A closed n-manifoldN is a fibrator if, for every proper map p :M→ B from a manifold
M onto a finite-dimensional metric space B , where all p−1(b), b ∈B , have the shape ofN ,
B is an ANR and p is an approximate fibration; specifically, N is a codimension k fibrator
if the same holds for all such maps p :M→ B defined on (n+ k)-manifoldsM .
Occasionally we will refer to a slightly more restrictive notion of fibrator for the PL cat-
egory. A closed, connected (orientable) PL n-manifold N is called a codimension k (ori-
entable) PL fibrator if for each (orientable) PL (n+k)-manifoldM and PL map p :M→B
to a polyhedron B such that every p−1(b), b ∈ B , collapses to an n-complex homotopy
equivalent to N , p is an approximate fibration. The positive results are richer in this cat-
egory; indeed, manifolds N exist which are codimension k orientable PL fibrators for all
k [6, Theorem 3.4]; [7, §8], but nothing comparable has been established without the PL
hypothesis.
Given closed, connected n-manifolds N and N ′, oriented by choices of generators
ξ ∈ Hn(N;Z), ξ ′ ∈ Hn(N ′;Z), the degree of a map f :N → N ′ is the integer d such
that f∗(ξ)= d · ξ ′.
2. The construction
Let J k(N) be the group of all self-homeomorphisms ofN×Sk and J khe(N) be the subset
consisting of those h ∈ J k(N) for which the composite
N
incl−→N×∗ ⊂N × Sk h−→N × Sk proj−→N
R.J. Daverman / Topology and its Applications 94 (1999) 61–66 63
is a homotopy equivalence. The object of interest is the complement, denoted Ck(N);
specifically, Ck(N) = J k(N)\J khe(N). Given h ∈ J k(N), we use ψh :N → N to denote
the composite above.
Main Theorem. If Ck(N) 6= ∅, then N fails to be a codimension k+ 1 fibrator.
Proof. LetM =N×Rk+1. ParameterizeM\(N×0) asN×Sk×(0,∞). Pick h ∈ Ck(N),
and partition M into copies of N via
{N × 0} ∪ {h(N × z)× r; z ∈ Sk, r ∈ (0,∞)}.
The map p from M to the quotient space, B ≈Rk+1, of this partition sends N × 0 to the
origin and sends h(N × z)× r to z× r ∈ Sk × (0,∞)=Rk+1\{origin}. For the retraction
R :M→N × 0=N which essentially equals projection,
R | :h(N × z)× r→N × 0=N
behaves just like ψh and, thus, fails to be a homotopy equivalence. It follows from
[2, Proposition 3.6]—or more or less directly from the definition—that the associated
decomposition map p :M→B is not an approximate fibration. 2
Addendum. If N is PL and h :N × Sk → N × Sk is a PL homeomorphism such that
h /∈ J khe(N), then N fails to be a codimension k+ 1 PL fibrator.
Proof. Although the map p :M→B named above itself is not PL, when B is regarded as
the open cone over Sk , the obvious linearization to a simplicial map has the feature that all
point preimages collapse to copies of N . 2
3. Applications
Proposition 1. RPn fails to be a codimension n+ 1 PL fibrator.
Proof. It suffices to prove that Cn(RPn) 6= ∅. Let η :Sn → RPn denote the standard
covering map. The plan is to produce a PL homeomorphismΘ of Sn×Sn to itself which is
equivariant with respect to η× Id :Sn × Sn→ RPn × Sn and for which the composite ψΘ
Sn
incl−→ Sn×∗ ⊂ Sn × Sn Θ−→ Sn × Sn proj1−→ Sn (∗)
fails to be a homotopy equivalence, as Θ then induces a comparable autohomeomorphism
h(Θ)= (η× Id) ·Θ · (η× Id)−1 on RPn×Sn; here ψh(Θ) could not be a homotopy equiv-
alence, as its lift, ψΘ , necessarily would be one as well.
The existence of such a Θ follows directly from a construction of Wall [9]. Let 〈p,q〉 ∈
Sn×Sn. On the great circle in Sn through p,q let q ′(p) be the other point at the same dis-
tance from p as q is. Note that if−p is the point of Sn antipodal to p, then q ′(−p)= q ′(p);
furthermore, if r is the point antipodal to q , then r ′(p) and q ′(p) are antipodal. This means
that the mapΘ2 :Sn×Sn sending 〈p,q〉 to 〈p,q ′(p)〉 is equivariant with respect to η× Id,
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as is the mapΘ1 :Sn×Sn sending 〈q,p〉 to 〈q ′(p),p〉. Wall points out (in essence, only he
uses cohomology) that the automorphism ofHn(Sn×Sn) induced byΘ2 is given by matrix(
1 0
2 −1
)
.
(Here’s how to read such a matrix. From the Künneth formula,
Hn(N
n × Sn)∼=Hn(Nn)⊕Hn(Sn),
where Nn, Sn are equated with Nn × pt , pt × Sn ⊂ Nn × Sn, when convenient, and are
regarded as the first, second factors, respectively, of Nn× Sn. The ij th matrix entry deter-
mined byΘ :Nn× Sn→Nn× Sn is the degree of the map projj ◦Θ ◦ incli . Accordingly,
the degree of ψΘ appears in the upper left corner of the matrix associated with Θ .) Thus,
the matrix associated with the composite Θ =Θ1Θ2 is(−1 2
0 1
)(
1 0
2 −1
)
=
(
3 −2
2 −1
)
demonstrating that ψΘ fails to be a homotopy equivalence, as it has degree 3. 2
Consequently, even-dimensional projective spaces provide a negative answer to Prob-
lem 9.5 of [7], which asks whether manifolds of odd Euler characteristic are PL fibrators.
It would be interesting to find orientable nonfibrators having odd Euler characteristic.
Proposition 1 is sharp, since RPn is a codimension n orientable PL fibrator [6, Corollary
2.11] for odd values of n.
Another class of examples: orientable 3-manifoldsN3 which arise as coset spaces S3/F ,
whereF denotes a finite subgroup of S3, considered as SU(2)= group of unit quaternions.
Here N3 fails to be a codimension 4 fibrator, again because C3(N3) 6= ∅. See [10, Corol-
lary 2.7.2] for a description of the 3-manifoldsN3 that arise.
Let f :N3→ S3 denote a map of degree 1 and q :S3→N3 the quotient map associated
withN3 = S3/F of degree d = order(F ). Again h= h1h2 but this time h1, h2 are defined,
respectively as:
〈x,y〉→ 〈x,f (x) · y〉,
〈x,y〉→ 〈q(y) · x,y〉.
One can readily confirm that the induced homomorphisms onH3(N3×S3) are given by
the matrices(
1 1
0 1
)(
1 0
d 1
)
,
so the matrix of (h1h2)∗ :H3(N3 × S3)→H3(N3 × S3)(
d + 1 1
d 1
)
reveals that the usual composite described in forming J k(N3) has degree d + 1.
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4. Other features
Two additional observations can be made about this procedure. First, when k = n, the
manifolds Nn for which Ck(Nn) is most likely to be nontrivial, like those in applications
made here in Section 3, are covered by Sn. Second, when k > n, the procedure appears
ineffective.
All manifolds Nn mentioned in this section are presumed to be orientable.
Proposition 2. If Cn(Nn) 6= ∅, then either Nn admits a degree 1 self-map which is not
a homotopy equivalence or Nn is a rational homology sphere with finite fundamental
group.
Proof. The presence of a homeomorphism h :Nn × Sn→Nn × Sn from Cn(Nn) means
the composite ψh :Nn→ Nn fails to be a homotopy equivalence. If degree(ψh) 6= ±1,
then in the (integer-valued) matrix representation(
a b
c d
)
for the automorphism onHn(Nn×Sn) induced by ψh, we have a 6= ±1; as ad−bc=±1,
we see that c 6= 0, implying the existence of a map f :Sn→ Nn of nonzero degree, and
yielding that Nn is a rational homology sphere with finite pi1. (To see why, check that f
factors as f = qf ′, where q :N ′ → N is the universal cover and f ′ :Sn→ N ′ is a lift of
f . Note that f ′ and q must then have nonzero degree, so each must induce epimorphisms
of rational homology groups and pi1(N) must be finite.) 2
Proposition 3. If Ck(Nn) 6= ∅ with k > n, then N admits a degree 1 self-map which is not
a homotopy equivalence.
Proof. By the Künneth formula,
Hn(N
n × Sk)∼=Hn(Nn)⊗H0(Sk)∼=Hn(Nn×∗)∼=Hn(Nn)
which ensures that for every homeomorphism h :Nn × Sk→Nn × Sk , all maps
N
incl−→N×∗ ⊂N × Sk h−→N × Sk proj−→N
used to form the composite ψh induce isomorphisms of nth-homology groups. Hence,
each ψh is a degree one map. Again, the hypothesis provides an h for which ψh is not a
homotopy equivalence. 2
If Ck(Nn) 6= ∅, k > n, then the resulting degree one map ψh :N→N would provide a
negative answer to a famous unsolved problem of H. Hopf asking whether all degree one
maps of a closed manifold to itself must be homotopy equivalences.
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